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Chapter 7: Error Analysis;

Je now list the sources of error which could affect our measurements and

‘the resulting error level of each. These include

1

9.

10.

uncertamty in the correct value of 0o for the beam, resultlng both from

energy and quadrupole cahbra.tlon errors and from the nonlinearity of

the focusmg ﬁeld

. omission of part of the beam from*measurement,

. longltudmal s’pace-,ch‘er:ge effecté nea.rvthe ends of ’the ,’beem,:
. non—ze‘ro: slit-size corrections,

- slit miealignrnents w1ththe qnta’drupole‘ symmetry pla.nes,

. space-charge forces in the drift region between slits,

space-charge perturbations due to the presence of the slits in the beam,

. pulse-to-pulse variation of the beam,

background gas collisions with beam lons, and

secondary electron yield variations.

We will examine each of these possible sources of error, estimating bounds

for each, and at the end of this chapter will summarize the results.

7.1 Errors in determination of o,

We have determmed the beam energy to be 122.5 + 1 keV, and we know

the quadrupole voltage to within about :l:O 4% The relative uncertainty of

about 1% between the beam energy and qua.drupole voltage results in an un-

certainty in the value of o, for paraxial particles of about 0.5% near o, = 60°,
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increasing to about 1.3% near gy = 140°. In addition to this error, there is an
uncertamty in the appropriate value for 0o because of the lattice nonlinearity.
;In order to estimate this uncertainty, we used the envelope equations to cal-
culate the matched beam size in the SBTE lattice using the measured values
of quadrti_pole voltage, emittance;i and current. The maximum beam radii
" were all_a;; least 10 mm within the focusing lenses. We then calculated o, for
single particles attaining a 10 mm ma.ximuﬁn displacemeﬁt. The values of oy
for paraxie,l particles calculated for a 1% relative error between the particle
energy and the qua.drupole voltage, ma.kmg the lattice weaker, and those cal-
culated for the voltage error in the opposﬂ;e dlrectlon for partxcles attaining
a 10 mm maximum excursion have been taken as the limits of uncertainty in
the oo value chara.ctenzlng the lattice. More mformatlon on the nonhneanty

of the lattice is ngen in Appendlx D.
7.2 Incomplete scans of pha.ée spe,ce

We compared the total beam current calculated from the ‘phase space
measurements against the current as measured by the various Faraday cups
to ensure that we had sampled the entire beam. The sum of the phase space
measurements should be proportional to the total beam current, as follows.
We denote the upstream and downstream slit widths by w; and wj;, respec-
tively, and the scan increments by A; and A,. During the measurements,
only w; /A; of the beam particles will pass the first slit, and only wp/A; of
these will pass through the second slit into the detector. If € is the overall gain
of the detector and R is the resistance used as the oscilloscope te‘rminé.tioh,

then
' wy w2

Zf(zu =¥k @
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where the values f(z,2z') are the measured signals. The intercalibration of
thg proportionality constants was done with the constant-current, oy = 60°,
‘beam conditions used for cup calibration. |

We calculated the intercepted current for each set of beam parameters
subsequently used, and compared the values obtained with Faraday cup cur-
rent me_aéurements made along the lattice. In somé cases, we failed to make
the midfla.ttice cup measuremehts, and have only the value of the current
cqlculated from the emittance measurements. Because the cup-measured
current and the current ca.lvcula.t,ed from the slit measurements differ by 10—
20% fQI most of the o > 118° beam measurements, there is an additional
uncertainty in the values of beam current along the lattice for beams under-
going current loss. (That this lower current was not due to failure to scan
over some of the beam-occupied phase space was shown by subsequent scans
made over a much wider phase space area. The subsequent scans showed the
same intercepted beam current as the first scans.) |

There are two possible causes for the discrepancy. The first is that the
beam may have been surrounded by a diffuse cloud of ions, driven from the
beam by either collective interactions or the emittance grids, and having too
low a density to be picked up distinctly by our diagnostics. We do not believe
this to be the case, because the missing current would give an observable
signal if spread out over the entire lattice acceptance. For o9 ~ 130°, the
zero-current acceptance of the lattice (allowing particles to take up the entire
25.4 mm bore radius) is about 1 X 10737 meter radian, unnormalized. Each
two-slit sample point with 0.01-inch slits at a 6-inch spacing covers about
1.4 X 10”77 meter radian, or about 1.4 x 10~* of the total acceptance. If a
-typical “missing” beam current of 1 mA were spread out equally over the

total lattice acceptance, there would be a background signal of at least .8
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mV, or (1 mA) x (1.4 x 107*) x (500 2) x 12 (the secondary emission gain
factor). Because misalignments restrict the available bore by several mm at
this lattice strength, and because ithe missing current would have to be in the
phase space not sampled in the measurements, the background level required
to accOun!; for the 1 mA is really about 2 mV, well above the observed noise
level of about 0.4 mV. o i

We thus conclude that the most likely cause is the high dive_l"gence of
the beam at highv 0o. Most of the scans for o > 118° were made in the
" convergent beam dimension. The source of the diScrepanéy with cup current
measurements lies in the high di\;ergénce of the beam in the other plane. With
‘the quadrupole between the first and second measurement slits grounded,
some of the particles can lie outside of the acceptance of the slits, not in the
plane of the measurement (say, the z plane), but in the plane of the slits.
See Fig. 7.1 for a g‘ra‘phit illustration of this effect. The quadrupole between
the two slits must be grounded to make the measurement of z'. If the beam
divergence is marginally too large to allow the beamlet to fall entirely within
the limits of the slit, then any misalignment or mismatch of the beam can
cause part of the beam to miss the slit. Because of the linear optics and
- generally elliptical cross-section of the beam, particles with very large values
of ¥ have associated large displacements in y, and they tend to have small
offsets in z. If some of these particles were lost while measuring the phase
space distribution in the z dimension, the f (z,z') signals would have been
clipped near small z, where they are at their maximum. One can recover the
correct measurement of phase area, but not the emittance ellipse shape and
orientation, by turning the strength of the quadrupole just upstream of the
primary slits to about one-half of its nominal value. In effect, this converts
a highly divergent beam into a roughly parallel beam and allows the current

to be directed into the area covered 'by the slit cups. We chose to leave the
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Figure 7.1: When the beam is convergent in the plane perpendicular to the
slits, the effect of the non-zero width of the first slit is minimized, as shown in
section 7.4. The beam will not fall outside the measurement acceptance in the
plane of the measurement. However, if the beamlet overfills the downstream
slit in the divergent dimension, part of the current will be lost, causing too
low a value for the phase space density at that (z,z') point. The affected data
tend to be near the center of the beam in the x dimension, where the density
is greatest. The RMS emittance calculated from the measured distribution
~ will be too large, as a result. For our measurements, this error is estimated
to be in the range 0-10%.
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upstream quadrupole at the periodic lattice strength, to measure the beam
radius at the same time as we measured the emittance.

This error lowers the measured phase space area and the phase space
density near the beam core, but not at the beam edges. The effect depends on
the phase and amplitude of the beam mismatch and misalignment oscillations,
with no p;edictable severity at any Iocation. We have estimated the effect of
this error, using a correction factor for a beam of uniform density beam and

elliptical Ctoss-section, as in Fig. 7.1, of the form

max [ l,a\/ma.x[l — (z/2%)2,0] ] , (7.2)

where «a is described below and % is the RMS ‘vkvidth of the distribution in the z

dimension. If an elliptical chai.rge distribution of semi-axis « in y is truncated
by detection slits of unit half-length, the actual values for the distribution
may be approximated as follows. We approximate the semi-axis in z of the
original distribution by 2% from the measured distribution, and calculate the
local half-height of the ellipse at a distance z away from the z-centroid of the
ellipse. We then multiply the measured phase space density values at that
point in z by the local height of the ellipse if it is greater than 1. For a < 1, the
distribution is unaltered. As the value of « is raised, the total current in the
corrected distribution rises, with values of the phase space density near the
beam center raised preferentially. If the measured width of the distribution is
close to the true width and the data are of the form assumed in F‘ig. 7.1, then
the actual distribution in phase space is recovered for a chosen so that the
corrected total current agrees with the Faraday cup measurements. Analysis
of the corrected data yields marginally smaller emittance values than for the
raw data, but the difference is no more than about 7% for g5 and €;00. Thus
the data are reliable, and we are able to place narrow bounds on the error

from this mechanism in calculating the emittance of the beam. Although the
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beam sizes and divergences calculated from the envelope equations do not
indicate that the beam should overfill the emittance scan slits as suggested

above, beam misalignment could have allowed the beamlets to spill over one

end of the downstream slit.
7.3 Beam end-effects

Our measurements were made near the center of a 10 usec-long beam pulse
(physical length about 4 meters). The beam rise and fall times at the ends
are a fraction of a microsecond at the beginning of the transport system and
degrade (because of longitudina.l space-charge‘effects) to about 2-3 usec at
the end of the channel. Hence the measurements we report are representative
of an inﬁnitély long beam. The development of local debunching at the beam
- ends along the lattice is apparent in Fig. 5.3. Control of the bunch ends is a

separate research effort beyond the scope of this thesis.
7.4 Effect of non-zero slit size

We have calculated the effect on the emitta.ncé measurement due to the

use of slits of non-zero width. The result (for a linearly focused beam) for
the mean équare width of a beamlet passing through a primary slit at 2 =0
and measured a distance L downstream, is ‘
2 2
2 252 2@ b
=L ¢ L2 7.3
(%) 2=L tmiot s (7.3)
where O is the local RMS angular width of the beam distribution at the first
slit, m is a magnification factor to be defined shortly, a is the full width of the
first slit, and b is the full width of the second slit. To see this, we write the
position and angular dependence of the beam distribution at the upstream
slit in the form f(z,p), where p = =’ — sz and s = —1/f. The parameter s

describes the focusing of the beam in terms of the distance f to the geometric
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focus of the beam. The distance f is positive for a convergent beam and

negative for a divergent beam. This parameterization is used to separate the

~ convergence of the beam from any other spatial or angular dependence. We

will consider in detail only the effects of the non-zero size of the first slit. The
second slit may be accounted for in a similar fashion.

A particle with coérdinates. (z, z') at z =0 will have coérdinates (z +

Lz',z') at z=L, so

(2=t = (2 + L)) 1m0 = (ma + Lp)Dumo

where m = 1 + sL is the geometric size of the primary slit projected onto
z =L by the beam. For abea.m distribution even in p, the cross term zp
averages to 0, and the mean square beamlet size at z = L reduces to averages
of z2 and p? over the collimated beam distribution at the first slit. We will
write the slit distribution as g(z), so that the collimated distribution of the
beamlet at z = 0is f(z,p)g(z). If we assume thaﬁ the first slit is very narrow,
then the collimated distribution may be written as the product of a purely
angular dependence from the beam (apart from the focusing) and a spatial

dependence from the slit, as

f (z,p)g(z) ~ F(p)g(2),

- where F describes the angular distribution of the beam at the center of the
slit. ‘The averages then reduce to the form quoted in Eqn. 7.3. The higher-
order corrections due to the variation of f with position within the slit (apart
from convergence, which we have handled properly) are of the order of the
: squa;re of the ratio of the slit size to the beam diameter (~ 10~* in our case,
considered negligible). In the instance of a convergent beam, the effect of the

nonzero size of the first slit disappears for m = 0. This error contributes to an
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overestimate of the emittance and was checked by comparing measurements
for the convergent and divergent planes for many of the beam configurations
for oo < 100°. We saw no difference in emittance between the two planes of
more than a few percent, except for the intentional asymmetry in emittance

introduced for the measurements of section 6.1.

7.5 Slit misalignment

Slit misalignments with the each other and with the quadrupole symmetry
planes increase the effective size of the slits. The alignment procedure used
on SBTE relied on optical a.lignment of the slits with the same cross-hairs

‘in'a transxt telescope that were used to set up the quadrupoles themselves.
Slit parallelism was further checked by shlmng a hght through both slits and
checking the uniformity of illumination through the paxr of slits with the
telescope. The estimated misalignment between the ends of the 2 in-long
slits was less than 0.005 in, making the effective width of the beam-occupxed
portion of the slit at most 0.013 in. We included the effects of misalignment -

by using this allowance for the size of the slits.
7.6 Space charge effects

We have estimated the space-charge eﬁ'ects by mtegratlon of the envelope

" kequa.tlons for the bea.mlet passed by the upstrea,m sht

_‘,the RMS radlus_, |

of the slit as the initial radius in one dlmensmn, and tw1ce the RMS radius -

overall convergence and divergence of the beam, usmg tw

of the bea.m as the beamlet radius in the other dimension. The current

transmltted through a slit at the beam centroid was estlmated from the phase
space measurements, a.nd the level of the error 1ntro@uce»d by the space-charge
was taken to be bounded hy the rbat.iko_of‘_the vbeamlet radius calculated in the
presence of space—cha.rge to the radius, cva..lculuted for a zero-current beamlet.

The correction varies from 1% to 4%; with the actual beam emittance smaller
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than that calculated directly from the data.

. An estimate for the correction may also be obtained by taking a zero-
emittance model beam, and calculating the transverse field due to the space-
charge of the slab beamlet transmitted through the first slit. For particles at
the beamlet edge, the electric field may be taken as constant, apart from the
converg_ence or divergence of the beam in the direction parallel to the slit, as

E = —.

* 260
The space-charge deflection of the particles during the 6 in drift between slits
ma.y be easﬂy ca.lcula.ted and gives a bound on the error of a few percent in

the beamlet size at the second slit, in agreement with the envelope equation

calculations.

7.7 Slit-beam perturbation

Another effect on the beam related to space-cha.rge‘forces alters the fo-
cusing properties of the beam near the first slit. The conducting slit shorts

out the transverse self-field of the beam for a distance of about one beam

radius from the slit, causing the beam to be less divergent than it would

~ have been in the absence of the slit. The result is less than a 0.1 mm shift

in beam size and a few milliradian shift in convergence angle. For example,
for I = 15.2 milliampere, 0, = 83°, and Rp.,, = 0.012 meter, we have a
local transverse self-field of 50 kV/meter. This results in a change in beam
~ radius on the order of 15 pm, or about 0.001 in. The change in dlvergence
is more notlceable, glvmg A =~ 2.5 milliradian at the beam edge, compared
toa typlca.l d1vergence angle at the beam edge of about 70 milliradian. This
affects the emittance measurement only through the hlgher order effect of

a.berra.tlons in the beam focusing, which we have considered to be negligible.
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7.8 Pulse-to-pulse variation of the beam

~ Overall reproducibility was good on a long-term basis, with particular

.. reference conditions at oo = 60° yielding reproducibility in total current

intercepted in the two-slit scans and in the calculated RMS emittance at
the 1% level over a period of months. However, for some of the o, > 100°
measurements, the variability was greater, resulting in values for the beam
emittance estimated to be too large by as much as 6-8%. This estimate was
made by interpolating and smoothing the most seriously affected data by

‘hand and comparing the total emittances before and after the smoothing.

7.9 Background gas effects

Because the electrostatic quadrupoles sweep free statlc cha.rges from the
bore, space-charge neutralization is ummportant for SBTE. Bea.m-gas nuclear
collisions are negligible, and electronic interactions cannot supply enough mo-
mentum exchange to deflect the Cs™ ions by significant angles. The charge-
- state changing interactions of electron capture and second ionization are the
 only effects of the background gas on the beam. Neutralized cesium ions are
lost to the beam, but under certain circumstances Cs*? ions may be retained
and be counted twice in the current monitors.

The measured cross-sections for these interactions in the SBTE imply
that at normal operating pressures in the neighborhood of 5 x 1077 Torr,
only about 2% of the beam particles will undergo a charge-state changing

‘interaction. See section 6.3 for the detailed measurements made with the
SBTE. We found no effect on the beam emittance within the usual scatter of

a few percent when we measured the emittance of the full-current, oo = 60°,
beam over the range of pressure 1 x 10~7-2 x 10~® Torr, although the beam
current had been attenuated by charge-exchange interactions at the higher

pressure by about 7%.
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7.10 Secondary electron yield variations

Secondary electron yields may vary somewhat over a surface, depending,
for instance, upon variations in adsorbed gas coverage. The slit cup collectors
are very limited in actual area used, the maximum area being about 2 in by
0.08 in. The slit cups are probably immune to secondary yield variations
other than a uniform variation over the surface as a function of time, which
we believe to be small. The materials used are the same as for the SFC’s,
which showed no perceptible variation in response over the duration of the
‘measurements, and we saw good agreement of the integrated slit cup current
with the Faraday cup current measurements for oo < 100° throughout the

experimental period.
7,}11’ Error summary

We have identified several (primarily systematic) sources of error. The
amount of the error from each mechanism varies with the dominance of the
space-charge in the beam. In plotting the ¢ vs. €(z) curves, as well as in
the phase space contour curves, these errors have been ignored. However, in
the quoted values of the emittances €g5 and €199, the systematic errors have
been corrected. In Table 7.1 we have summarized the effect of these errors,
‘and indicated the typical correction resulting from them. The effect of these
emittance corrections is small in the derived ;00 and g5 depressed phase
advance values. The error in these values is due primarily to the noise in the
tails of the phase space distribution data, and we believe that the value of
o representing the actual beam parameters lies within the bounds given by

0100 and ogs in Fig. 5.11 and Table 5.1.
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Comments

Errors in lens voltage
Intrinsic lens nonlinearity

+1° to £3°

/| Calculated for paraxial

partricles with 1% low lens
strength and for 10 mm
maximum orbit amplitude
for 1% high lens strength

Cdllima.ting slits too short »,

0-7%

Makes measured values for
€ too large, primarily for
Oy > 100°

Nonzero slit size or
| misaligned slits

0.5-2%

: la.rge

Measured values for € too

Nonzero space-charge -
during drift between slits

0.7-4%

More severe for ab < 100°

Variation between pulses
during beam measurements

0-6%

Measured va.lues for € too
large

. Colhslons of beam particles

with background gas
particles :

< 3%

‘retention of second-ionized

Causes beam VIOS>S', with
effect on € dependent on

particles. Major effect is

1-2% beam loss

Table 7.1: Summary of error bounds



